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ON THE SETS OF BRANCH POINTS OF MAPPINGS MORE GENERAL
THAN QUASIREGULAR
E. A. Sevost’yanov UDC 517.5
It is shown that if a point x0 2 Rn; n  3; is an essential isolated singularity of an open discrete
Q-mapping f WD ! Rn; Bf is the set of branch points of f in D; and a point z0 2 Rn is an
asymptotic limit of f at the point x0; then, for any neighborhood U containing the point x0; the
point z0 2 f .Bf \ U/ provided that the function Q has either a finite mean oscillation at the point
x0 or a logarithmic singularity whose order does not exceed n   1: Moreover, for n  2; under the
indicated conditions imposed on the function Q; every point of the set Rn n f .D/ is an asymptotic
limit of f at the point x0: For n  3; the following relation is true: Rn n f .D/  fBf . In addition,
if 1 … f .D/; then the set fBf is infinite and x0 2 Bf :
1. Introduction
It is known that the geometric definition of quasiconformal mappings defined in a domain D from Rn;
n  2; is based on the condition
M.f /  KM./ (1)
for any family  of curves  in the domain D; where M is a conformal modulus of the family of curves (outer
measure defined on the families of curves in Rn ) and K  1 is a constant. In other words, the modulus of any
family of curves is distorted by at most K times. In terms of capacities, relation (1) means that the mapping f
distorts the capacity of any condenser in D by at most K times.
We now assume that, instead of relation (1), the definition of the analyzed class of mappings is based on the
inequality of the form
M.f / 
Z
D
Q.x/n.x/ dm.x/; (2)
where m is the Lebesgue measure in Rn;  is an arbitrary nonnegative Borel function such that the length of any
curve  from the family  in the metric  is not smaller than 1 i.e.,Z

.x/jd.x/j  1 for all  2 ;
and QWD ! Œ1;1 is a real-valued function (see, e.g., [1]). In the case where Q.x/  K almost everywhere,
we again arrive at inequality (1). In the general case, the last inequality means that the distortion of the modulus
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of the original family  occurs with a certain weight Q.x/ and M.f /  MQ./: Most likely, for the first
time, an inequality of the form (2) was established for the quasiconformal mappings in a plane in [2, p. 221] and,
for the quasiconformal mappings in a space, in [3] . For the homeomorphisms f 2 ACLn and f  1 2 ACLn;
an inequality of the form (2) was also established in [4]. Note that relation (2) is typical of a fairly broad subset of
mappings of the Sobolev class (see the last section).
The key notion of the present paper is the notion of asymptotic limit of a mapping f at the limiting point of
the domain D (see, e.g., Sec. 3.13 in [5] or Sec. 2, Chap. VII in [6]). Roughly speaking, the asymptotic limit of
the mapping f defined in the domain D is equal to z0 2 Rn at a certain point b of the boundary of D if there
exists a curve lying in D and approaching b along which the mapping f approaches z0:
In [7], we study the behavior of Q-mappings at an isolated essentially singular point from the viewpoint of
generalization of the well-known Sokhotskii–Weierstrass and Picard theorems. Thus, in particular, under certain
conditions imposed on Q; in any neighborhood of an essentially singular point x0; the mapping f .x/ attains any
given value A from Rn in the limit as x ! x0: This fact, generally speaking, does not mean that the asymptotic
limit at the point x0 exists which, in turn, reveals the necessity of a more thorough investigation of this problem.
In the present paper, we solve the problem of generalization of the most important results from the theory of
quasiregular mappings concerning the sets of branch points to broader classes of Q-mappings. Our main attention
is given to the relationship between the sets of branch points and the asymptotic limits of the investigated mapping.
Thus, in particular, we show that the image fBf of the set of branch points Bf of an open discrete Q-mapping
satisfying certain conditions with respect to Q and containing an isolated essentially singular point is an infinite
set. For quasiregular mappings, similar theorems were also established by Martio, Rickman, and Va¨isa¨la¨ (see
Sec. 3 in [5] and Sec. 2, Chap. VII in [6]). In fact, both the cited papers and the present paper are based on the
application of the Zorich [8] and Agard–Marden [9] approach.
2. Basic Definitions
Everywhere in what follows, D is a domain in Rn; n  2: A mapping f WD ! Rn is called discrete if
the preimage f  1.y/ of any point y 2 Rn consists of isolated points and open if the image of any open set
U  D is an open set in Rn: A mapping f WD ! Rn is called zero-dimensional if every connected component
ff  1.y/g degenerates into a point. The notation f WD ! Rn means that the mapping f is continuous and
G b D means that G is a compact subset of the domain D: We also assume that the mapping f preserves
orientation, i.e., the topological index  .y; f; G/ > 0 for any domain G b D and any y 2 f .G/ n f .@G/: In
what follows, by
C.E; f / D
¸
y 2 RnWy D lim
m!1 f .xm/; xm ! x0 2 E
¹
we denote the limiting set of the mapping f WD ! Rn in the set E  D: The notions presented above admit
natural generalizations to the mappings f WD ! Rn; where Rn D Rn [1 is the one-point compactification of
Rn: In what follows, we also write
B.x0; r/ D
¶
x 2 RnW jx   x0j < r
·
; B.r/ D ¶x 2 RnW jxj < r·; Bn D ¶x 2 RnW jxj < 1·;
S.x0; r/ D
¶
x 2 RnW jx   x0j D r
·
; S.r/ D ¶x 2 RnW jxj D r·; Sn 1 D ¶x 2 RnW jxj D 1·;
ON THE SETS OF BRANCH POINTS OF MAPPINGS MORE GENERAL THAN QUASIREGULAR 243
and .x; y/ denotes the scalar product of the vectors x; y 2 Rn;
.x; y/ WD
nX
iD1
xiyi ;
where xi and yi are the coordinates of the points x and y and m is the Lebesgue measure in Rn: Further, if
gWD ! Rn is the identity mapping, then we write g D id . For a set A  Rn; by jAj we denote its Lebesgue
measure in Rn; and mes1 .A/ denotes the linear Lebesgue measure of the set A  R: Let QWD ! Œ0;1
be a Lebesgue measurable function. Then qx0.r/ denotes the mean integral value of Q.x/ over the sphere
jx   x0j D r :
qx0.r/ WD
1
!n 1rn 1
Z
jx x0jDr
Q.x/ dS;
 
Z
A
f .x/ dm.x/ WD 1jAj
Z
A
f .x/ dm.x/;
and dist.A;B/ is the Euclidean distance between the sets A;B  Rn: Recall that x is a branch point of the
mapping f WD ! Rn if the restriction of the mapping f jU is not a homeomorphism at any point of the neigh-
borhood U of the point x . The collection of all branch points of f is denoted by Bf : The Borel function
WRn ! Œ0;1 is called admissible for a family  of curves  in Rn if
Z

.x/jdxj  1 (3)
for all curves  2 : In this case, we write  2 adm: The modulus of the family of curves  is defined as
follows:
M./ D inf
2 adm
Z
D
n.x/ dm.x/:
Let E; F  Rn be arbitrary sets. By .E; F;D/ we denote the family of all curves  W Œa; b ! Rn
connecting E and F in D; i.e., .a/ 2 E; .b/ 2 F; and .t/ 2 D for t 2 .a; b/: We say that the family of
curves 1 is minorized by the family 2 (and write 1 > 2/ if, for any curve  2 1; there exists a subcurve
that belongs to the family 2: In this case, M.1/ M.2/ (see Theorem 6.4 in [10]).
Consider the following definition [1]: Let QWD ! Œ1;1 be a Lebesgue measurable function. A homeomor-
phism f WD ! Rn is called Q-homeomorphism if inequality (2) holds for any family  of paths  in D and
any admissible function  2 adm: Similarly, a continuous mapping f WD ! Rn that admits branching is called
a Q-mapping if inequality (2) holds for any family  of paths  in D and any admissible function  2 adm:
The investigation of Q-mappings is connected with numerous applications to various classes of mappings
and, in particular, to the Sobolev classes (see the last section of the present paper).
We consider the following definition (see [5] and Sec. 2, Chap. VII in [6]): A point z0 2 Rn is called the
asymptotic limit of a mapping f WD ! Rn at the point b 2 @D if there exists a curve ˛W Œ0; 1/ ! D with
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˛.t/! b as t ! 1 such that f .˛.t//! z0 as t ! 1: Recall that an isolated point x0 of the boundary @D is
called an essentially singular point of the mapping f WD ! Rn if the limit
lim
x!x0 f .x/:
does not exist (neither finite nor infinite). It is said that a set E  Rn is relatively locally connected if every point
of the set E has arbitrarily small neighborhoods U such that the sets U \E are connected.
Proposition 1. Let f WD ! Rn be a local homeomorphism, let Q be a simply connected and locally
linearly connected set in Rn; and let P be a connected component of the set f  1Q such that P  D: Then f
homeomorphically maps P onto Q: In addition, if Q is relatively locally connected, then f homeomorphically
maps P onto Q (see Lemma 2.2 in Sec. 2 in [5]).
Proposition 2. Let f WD ! Rn be a zero-dimensional mapping and let A  f .D/: Assume that there
exists a continuous section sWA ! D of the mapping f; i.e., f ı s D id: If A is relatively locally connected
at a point y 2 A; then the limiting set C.s; y/ is either a continuum in @D or a single point in D (see [9] and
Lemma 3.10 in [5]).
Proposition 3. Let f WD ! Rn be a local homeomorphism, let F be a compact set in D; and let f jF be
injective. Then f is also injective in a certain neighborhood of the set F (see [8, p. 422] and Corollary 3.8 in
[5]).
The following important definitions can be found in [6] (Sec. 3, Chap. II): Let f WD ! Rn; let ˇW Œa; b/ !
Rn be a curve, and let x 2 f  1.ˇ.a//: A curve ˛W Œa; c/ ! D is called the maximum lifting of the curve ˇ
under a mapping f with origin at a point x if the following conditions are satisfied:
(i) ˛.a/ D xI
(ii) f ı ˛ D ˇjŒa;c/I
(iii) if c < c0  b; then one can find no curve ˛0W Œa; c0/! D such that ˛ D ˛0jŒa;c/ and f ı˛0 D ˇjŒa;c0/:
Similarly, we can define the maximum lifting of a curve ˇW .b; a ! Rn under a mapping f with endpoint
x (see Sec. 3, Chap. II in [6]).
Let f be an open discrete mapping and let x 2 f  1.ˇ.a//: Then the curve ˇW Œa; b/! Rn (or, respectively,
ˇW .b; a ! Rn ) possesses the maximum lifting under the mapping f with origin at a point x (or, respectively,
with endpoint x/ (see Corollary 3.3, Chap. II in [6]). A condenser in Rn; n  2; is defined as a couple E D
.A; C /; where A is an open set in Rn and C is a compact subset of A: The capacity of the condenser E is
defined as follows:
capE D cap .A; C / D inf
u2W0.E/
Z
A
jrujn dm.x/;
where W0.E/ D W0.A; C / is the family of nonnegative continuous functions uWA ! R with compact support
in A such that u.x/  1 for x 2 C and u 2 ACL:
Recall that a mapping f WD ! Rn is called absolutely continuous in lines (we write f 2 ACL/ if, in
any n-dimensional parallelepiped P with edges parallel to the coordinate axes such that P  D; all coordinate
functions f D .f1; : : : ; fn/ are absolutely continuous in almost all straight lines parallel to the coordinate axes.
It is known that if f 2 ACL; then f has partial derivatives almost everywhere in D: If these partial derivatives
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belong to the class Lploc.D/ for p  1; then we write f 2 ACLp.D/ (or simply f 2 ACLp if this does not
lead to misunderstanding). We say that the capacity of a compact set C in Rn; n  2; is equal to zero (and write
capC D 0/ if there exists a bounded open set A with C  A such that cap .A; C / D 0: By analogy with the
definition of a set of capacity zero in Rn; we can introduce this notion in Rn:
For a mapping f WD ! Rn whose partial derivatives exist almost everywhere in D , let f 0.x/ be its Jacobian
matrix at a point x and let J.x; f / be the Jacobian of the mapping f at the point x; i.e., the determinant of
f 0.x/:
In what follows, we write
kf 0.x/k D max
h2Rnnf0g
jf 0.x/hj
jhj
and
l
 
f 0.x/
 D min
h2Rnnf0g
jf 0.x/hj
jhj :
The external dilation of the mapping f at the point x is defined as follows:
KO.x; f / D kf
0.x/kn
jJ.x; f /j if J.x; f / ¤ 0;
KO.x; f / D 1 if f 0.x/ D 0; and KO.x; f / D1 at all other points.
The internal dilation of the mapping f at the point x is defined as follows:
KI .x; f / D jJ.x; f /j
l .f 0.x//n if J.x; f / ¤ 0;
KI .x; f / D 1 if f 0.x/ D 0; and KI .x; f / D1 at all other points.
3. Main Lemmas
Lemma 1. Suppose that a domain D contains the origin of coordinates, f WD n f0g ! Rn; n  2; is a
Q-mapping in D; and Z
"<jxj<"0
Q.x/ n.jxj/ dm.x/ D o  In."; "0/ (4)
as "! 0 for some "0 < dist .0; @D/ and a Borel function  .t/W .0;1/! .0;1/ satisfying the condition
0 < I."; "0/ WD
"0Z
"
 .t/dt <1
for any " 2 .0; "0/:
In addition, let  be a family of open curves .t/W .0; 1/! Rn such that .t/! 0 as t ! 0 and .t/ 6 0:
Then M.f .// D 0:
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Proof. Note that
 >
1[
iD1
i ; (5)
where i is a family of curves ˛i .t/W .0; 1/ ! Rn such that ˛i .1/ 2 f0 < jxj D ri < "0g; where ri is a
sequence such that ri ! 0 as i ! 1; and ˛i .t/ ! 0 as t ! 0: We fix i  1 and " 2 .0; ri /: By virtue of
relation (4), we conclude that I."; ri / > 0 for all " 2 .0; ri /: We set Ai ."/ D
¶
x 2 RnW " < jxj < ri
·
: Note that
the Borel function
.x/ D ";i .x/ D
8<: .jxj/ =I ."; ri / ; x 2 Ai ."/;
0; x 2 Rn n Ai ."/;
satisfies the normalizing condition of the form (3). Hence, by the definition of Q-mappings,
M

f
 

 
S."/; S.ri /; Ai ."/
  Z
Ai ."/
Q.x/n";i .x/ dm.x/  Fi ."/; (6)
where
Fi ."/ D 1
I."; ri /
n
Z
"<jxj<"0
Q.x/ n.jxj/ dm.x/:
In view of (4), we get the following relation:
Z
"<jxj<"0
Q.x/ n.jxj/ dm.x/ D G."/
0@ "0Z
"
 .t/dt
1An ;
where G."/! 0 as "! 0: Note that
Fi ."/ D G."/
0BB@1C
Z "0
ri
 .t/dtZ ri
"
 .t/dt
1CCA
n
;
where
"0Z
ri
 .t/dt <1
is a fixed number and
riZ
"
 .t/dt !1 as "! 0
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because the integral on the left-hand side of (4) increases as " decreases. Therefore, Fi ."/ ! 0: Note that, for
any " 2 .0; ri /;
i >  .S."/; S.ri /; Ai ."// : (7)
Thus, for any fixed i D 1; 2; : : : ; it follows from relations (6) and (7) that
M.f i /  Fi ."/! 0 (8)
as "! 0: Since the left-hand side of inequality (8) is independent of "; we find M.f i / D 0: Finally, by using
inequality (5) and the semiadditivity of the modulus, we conclude that M.f .// D 0:
Lemma 1 is proved.
Lemma 2. Let f WD ! Rn; n  3; be an open discrete Q-mapping in D and let x0 2 @D be an isolated
singular point of the mapping f: Suppose that
Z
"<jx x0j<"0
Q.x/ n.jx   x0j/ dm.x/ D o
 
In."; "0/

(9)
as " ! 0 for some "0 < dist .x0; @D n fx0g/ and a Borel function  .t/W .0;1/ ! .0;1/ satisfying the
condition
0 < I."; "0/ WD
"0Z
"
 .t/dt <1 8 " 2 .0; "0/: (10)
If z0 2 Rn is the asymptotic limit of f at the point x0; then z0 2 f .Bf \ U/ for any neighborhood U of
the point x0:
Proof. We prove the lemma by contradiction, i.e., suppose that there exists a neighborhood U of the point
x0 for which z0 … f .Bf \ U/: Without loss of generality, we can assume that x0 D z0 D 0: In view of the
discreteness of f; we have B.r0/  U \ .D [ f0g/ and S.r0/ \ f  1.0/ D ¿ for some r0 > 0: We set
U0 D B.r0/ n f0g and g D f jU0 : Since dist .f S.r0/; 0/ > 0 and, by assumption, 0 … f .Bf \ U/; one can
find r 0 > 0 such that
B.r 0/ \  fS.r0/ [ gBg D ¿: (11)
Since z0 D 0 is the asymptotic limit of the mapping f at the point x0 D 0; there exists a curve
˛.t/W Œ0; 1/ ! U0 such that ˛.t/ ! 0 as t ! 1 and ˇ.t/ D f .˛.t// ! 0 as t ! 1: Without loss of
generality, we can assume that 0 < jˇ.t/j < r 0 for all t 2 .0; 1/: Thus, by virtue of (11), we get
j˛j  U0 n Bg : (12)
For 0  t  1 and 0 < '  ; we define so-called spherical covers according to the rule
G.t; '/ D ¶y 2 RnW jyj D jˇ.t/j; .y; ˇ.t// > jyj2 cos'·:
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Let G.t; '/ be an ˛.t/-connected component of the set g 1G.t; '/ and let 't be the least upper bound
of the numbers ' 2 .0;  such that g homeomorphically maps G.t; '/ onto G.t; '/: By virtue of relation
(11) and the fact that ˇ.t/ 2 f .U0/; this 't > 0 exists. We set G.t/ D G.t; 't / and G.t/ D G.t; 't /:
Then, for any fixed t; the mapping g specifies a homeomorphism gt W G.t/! G.t/: We show that, for almost
all r 2 .0; r 0/; the equality jˇ.t/j D r implies that 0 … G .t/: Assume that 0 2 G .t/ for some t: Then
there exists a sequence xk 2 G .t/ such that xk ! 0 as k ! 1: Without loss of generality, we can assume
that the sequence f .xk/ ! yt 2 G.t/ as k ! 1: Note that the mapping g 1t is a section of the mapping f
in the set G.t/  f .U0/: By virtue of Proposition 2, the set C.g 1t ; yt / is a continuum and contains the point
x0 D 0 and, possibly, points of the boundary U0: In view of relation (11), C.g 1t ; yt / D f0g; i.e., g 1t .y/! 0
as y ! yt : Let .t/ be a family of open curves t .s/W .0; 1/ ! Rn connecting ˇ.t/ and yt in G.t/; i.e.,
t .0/ D yt ; t .1/ D ˇ.t/; and t .s/ 2 G.t/ for s 2 .0; 1/: Denote  .t/ D g 1t .t/: Thus, each curve
 t .s/W .0; 1/! U0 of the family  .t/ is such that  t .s/! 0 as s ! 0: Denote
  D
[
t W02G .t/
 .t/:
By Lemma 1, we have M.g. // D 0: On the other hand, according to 10.2 in [10],
M.g /  bn
Z
E
dr
r
;
where the constant bn depends only on the dimension n and E D
¶jˇ.t/jW 0 2 G .t/ · for some t: Hence, the
linear Lebesgue measure mes1.E/ D 0; as required.
Let T D ft W 0  t < 1; jˇ.t/j … Eg: Note that, by virtue of (11), G .t/  U0 n Bg for t 2 T:
By Proposition 1, the mapping f homeomorphically maps G .t/ onto G.t/: Moreover, by Proposition 3, the
mapping f is injective in a certain neighborhood of G .t/: According to the definition of the angle 't ; this is
possible only for 't D : Thus, for any t 2 T; the set G .t/ D G .t; / is a surface in U0 nBg topologically
equivalent to a sphere, and f homeomorphically maps G .t/ onto S.jˇ.t/j/: By D.t/ we denote a bounded
component of the set Rn n G .t/: We set T0 D ft 2 T W 0 2 D.t/g: There are two possible cases: 1 2 T0 and
1 … T0:
Case 1. Assume that 1 2 T0: Then there exists an increasing sequence tj 2 T0 such that tj ! 1: We set
rj D jˇ.tj /j and Dj D D.tj /: Without loss of generality, we can assume that rjC1 < rj and DjC1  Dj (in
view of the fact that ˛.tj / ! 0 as j ! 1 ). Let Aj be a spherical ring B.r1/ n B.rj /: Since the mapping
g is injective in the vicinity of the boundary @D1; there exists a component Aj of the set g 1Aj such that
@Aj  @D1: Further, since @Dj \ Aj D ¿; we conclude that Aj  U0: Moreover, since Aj \ gBg D ¿;
we have Aj  U0 n Bg : By Proposition 1, f homeomorphically maps Aj onto Aj : According to the results
presented above, there exists a section sj WAj ! Aj of the mapping f such that sj D skjAj for all k > j: This
means that we have in fact constructed a section sWB.r1/ n f0g ! U0 n Bg of the mapping f in B.r1/ n f0g:
By Proposition 2, the set C.s; 0/ is either a continuum in @U0 or a single point in U0: However, by virtue of
relation (11), the first possibility is impossible, except the case where C.s; 0/ degenerates into the point x0 D 0:
Therefore, the section s can be extended to a continuous mapping s of the entire ball B.r1/: We also note that,
by virtue of the condition @Dj \ Aj D ¿ and the fact that tj 2 T0; the point x0 D 0 always belongs to a
bounded component of the complement of the ring domain Aj for any fixed j 2 N: Further, since
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C.s; 0/ D
1\
jD2
Aj ;
the case C.s; 0/ D fag is impossible for a ¤ 0: Thus, C.s; 0/ D f0g and s.0/ D 0: Let xk be an arbitrary
sequence in U0 such that xk ! 0 as k !1: Then f .xk/! 0 as k ! 0: This means that the mapping f is
removable at the point x0 D 0; which contradicts the condition of the lemma.
Case 2. We now assume that 1 … T0: The curve ˛ can be extended to a curve ˛W Œ 1; 1/ ! Rn such that
˛. 1/ 2 @U0 n f0g; ˛. 1; 1/  U0; ˛jŒ0;1/ D ˛; and ˇ D f .˛.t// ¤ 0 for all t 2 Œ 1; 1/: By the assumption,
one can find ı; 0  ı < 1; such that Œı; 1/\T0 D ¿: We choose an increasing sequence of points tj 2 T \Œı; 1/
such that
(i) tj ! 1 as j !1I
(ii) jˇ.t/j < rj D jˇ.tj /j for all t 2 .tj ; 1/I
(iii) jˇ.t/j > rjC1 for all t 2 Œ 1; tj :
As above, we set Dj D D.tj /: Since ˛.tj / ! 0 as j ! 1 and it is possible to choose a monotonically
decreasing sequence ˛.tj /; case 2 can be conventionally split into the following two subcases:
(a) Dj  DjC1 for all j 2 N
(b) Dj \DjC1 D ¿ for some j 2 N:
Consider case (a). We act in exactly the same way as in the first case. By Aj we denote the spherical ring
B.r1/ n B.rj /: Since the mapping g is injective in the vicinity of the boundary @D1; there exists a component
Aj of the set g 1Aj such that @Aj  @D1: In view of the fact that Aj \gBg D ¿; the set Aj  U0 nBg : By
virtue of Proposition 1, the mapping f homeomorphically maps Aj onto Aj : Note that ˛.t1; 1/  RnnD1 and
Aj  Dj nD1: Reasoning as above, we obtain a continuous section sWB.r1/ n f0g ! U0 n Bg of the mapping
f in B.r1/ n f0g: Further, we have
C.s; 0/ D
1\
jD2
s
 
Bj n f0g

:
Therefore, C.s; 0/ is a continuum [11, p. 15]. We also note that the continuum C.s; 0/ is nondegenerate because
the sets Aj form a sequence monotonically increasing by inclusion and C.s; 0/ \ S.r0/ D ¿ by virtue of (11).
Therefore, C.s; 0/  U0 [ f0g: However, the last inclusion contradicts Proposition 2.
We now consider case (b). In this case,
˛.tj ; 1/  Rn nDj : (13)
Indeed, if (13) is not true, then there exists t 0j 2 .tj ; 1/W˛.t 0j / 2 @Dj and jˇ.t 0j /j D jˇ.tj /j but this is
impossible because, by virtue of Proposition 2, jˇ.t 0j /j < jˇ.tj /j: We set ujC1 D sup ft W˛.tj ; t /  Rn nDjC1g:
Further, we choose a neighborhood UjC1 of the boundary @DjC1 such that the restriction f jUjC1 is injective
(see Proposition 3). Since ˇ.tjC1; 1/  B.rjC1/; we have g
 
UjC1 \
 
Rn nDjC1
  B.rjC1/ because, by
virtue of the injectivity of g in UjC1; all connected components of the set g
 
UjC1 \
 
Rn nDjC1

belong
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to the same connected component of the set Rn n S.rjC1/: Therefore, in view of condition (iii), one can find a
number
v1 D maxft W tj < t < ujC1; jˇ.t/j D rjC1g:
Furthermore, the inequalities tj < v1 < ujC1 are strict, v1 > ı; and by definition, v1 2 T because ˇ.tjC1/ D
rjC1 and tjC1 2 T:
We now show that
D.v1/  Rn n .Dj [DjC1/: (14)
First, we note that G .v1/ cannot contain the point x0 D 0 because v1 2 T and cannot cross the curve
˛ at the point ˛. 1/ because ˛. 1/ 2 @U0 n f0g and by virtue of condition (11). If D.v1/ \Dj ¤ ¿; then
either G .v1/ \ G .tj / ¤ ¿ or D.tj /  D.v1/; or D.v1/  D.tj /: In the first case, rjC1 D jˇ.v1/j D rj ;
which is impossible by virtue of condition (ii). In the second case, G .v1/ \ ˛. 1; tj / ¤ ¿; which contradicts
condition (iii). The third case is impossible by virtue of (13). Therefore, D.v1/\Dj D ¿: Further, let D.v1/\
DjC1 ¤ ¿: Then either G .v1/ \ G .tjC1/ ¤ ¿; or D.tjC1/  D.v1/; or D.v1/  D.tjC1/: In the first
case, we have ˛.v1/ 2 DjC1 because, in this case, D.v1/ D DjC1; which contradicts the choice of v1: In the
second case, G .v1/ \ ˛.tjC1; 1/ ¤ ¿; which contradicts condition (ii). Finally, in the third case, v1 > ujC1;
which also contradicts the choice of v1: Thus, relation (14) is proved. In this case,
v01 D sup
¶
t W˛.tj ; t /  Rn nD.v1/
·
> tj :
Hence, there exists
v2 D max
¶
t W tj < t < v01; jˇ.t/j D rjC1
·
such that D.v2/  Rn n Dj [ DjC1 [ D.v1/; etc. Continuing this process infinitely, we get infinitely many
connected components G .vi / of the set g 1S.rjC1/: Note that there exists
v D lim
j!1 vj ; v 2 .tj ; ujC1/;
such that each neighborhood of the point ˛.v/ has nonzero intersections with infinitely many components
g 1S.rjC1/; which is impossible because, by virtue of relation (12), the mapping f is a local homeomorphism
at the point ˛.v/:
Lemma 2 is proved.
The following statement was proved by the author in [7] (see Lemma 3.1 and Theorem 5.1):
Proposition 4. Let f WD ! Rn; n  2; be an open discrete Q-mapping in D and let x0 2 @D be an
isolated essentially singular point of the mapping f for which there exist "0 2 .0; 1/ and a function  .t/ > 0
such that conditions (9) and (10) are satisfied. Then cap
 
Rn n f .U n fx0g/
 D 0 for any neighborhood U 
fx0g in D:
Lemma 3. Let f WD ! Rn; n  2; be an open discrete Q-mapping in D and let x0 2 @D be an isolated
essentially singular point of the mapping f for which there exist "0 2 .0; 1/ and a function  .t/ > 0 such that
conditions (9) and (10) are satisfied. Then every point of the set Rn n f .D/ is an asymptotic limit of f at the
point x0:
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Proof. Let z 2 Rn n f .D/: Without loss of generality, we can set z D 0: Further, we choose r0 > 0 such
that B.x0; r0/  D [ fx0g and set U0 D B.x0; r0/ n fx0g: Since 0 … f .D/; there exists r 0 > 0 such that
B.r 0/ \ fS.x0; r0/ D ¿: (15)
In what follows, without loss of generality, we assume that r 0 < 1:
By virtue of Proposition 4 and (15), there exists a spherical cover G  S.r 0/ such that a certain connected
component G  of the set f  1G is contained in U0: For y 2 S.r 0/; the curve y.t/ D ty is denoted as follows:
y W .0; r 0! B.r 0/: Suppose that, for any r 0y 2 G; an element  y is the maximum lifting of the curve y with
endpoint in G  and  y W .ry ; r 0! U0: It is necessary to show that  y .t/! x0 as t ! ry :
We introduce a set
G D
º
x 2 RnW x D lim
k!1
 y .tk/
»
;
where tk 2 .ry ; r 0 are such that
lim
k!1
tk D ry W lim
k!1
 y .tk/ D x:
Note that if we pass to subsequences, then (in the analyzed case) we can restrict ourselves to the case of monotonic
sequences tk : In other words, G is the limiting set for  y .t/ as t ! c   0: For x 2 G \ U0; by virtue of
the continuity of f; we conclude that f
 
 y .tk/
 ! f .x/ as k ! 1; where tk 2 .ry ; r 0/ and tk ! ry as
k !1: However, f   y .tk/ D y.tk/! y.ry/ as k !1: This enables us to conclude that f is constant
on G \ U0 in U0: On the other hand, by virtue of the Cantor condition, in the compact set  y (see 3.6, Chap. I
in [11]), we find
G D
1\
kD1
 y
  
ry ; tk
 D lim sup
k!1
 y
  
ry ; tk
 D lim inf
k!1
 y
  
ry ; tk
 ¤ ¿
by virtue of the monotonicity of the sequence of connected sets  y
  
ry ; tk

: Hence, G is connected (see 9.12,
Chap. I in [11]). Thus, in view of the discreteness of f and relation (15), G cannot contain more than one point.
Let G ¤ fx0g: Then the curve  y W .ry ; r 0 ! U0 is extended to a closed curve  y W Œry ; r 0 ! U0: Thus, we
get f
 
 y .ry/
 D y.ry/; i.e.,  y .ry/ 2 f  1  y : On the other hand, we can construct (see Corollary 3.3 in
Chap. II in [6]) the maximum lifting   0y of the curve y j.0; ry  with endpoint  y .ry/: Finally, by combining the
lifting  y with the lifting   0y ; we get a new lifting   00y of the curve y defined on .r 0y ; r 0; which contradicts
the maximality of the lifting  y : Therefore, G D fx0g and  y .t/! x0 as t ! ry :
To complete the proof of the lemma, it suffices to show that ry D 0 for almost all r 0y 2 G: Let
Ei D
¶
y 2 Sn 1W r 0y 2 G; ry > 1=i
·
; i D 1; 2; : : : :
We now show that Hn 1.Ei / D 0 for any i; where Hn 1 is an .n   1/-dimensional Hausdorff measure. For
fixed i 2 N; we denote i D f y Wy 2 Eig: As already indicated, all curves from the family i approach
the point x0: Therefore, M.i / D 0: By Lemma 1, we also have M.f .i // D 0: Note that the family f i
minorizes the family  of all segments ˛y W Œ1=i; r 0 ! Rn; ˛y.t/ D ty; y 2 Ei : Let  2 admf i : For any
fixed y 2 Ei ; according to the Ho¨lder inequality, we get
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r 0Z
1=i
tn 1.ty/ dt 
0B@ r
0Z
1=i
n.ty/ dt
1CA
1=n0B@ r
0Z
1=i
tn dt
1CA
.n 1/=n

0B@ r
0Z
1=i
n.ty/ dt
1CA
1=n
(16)
because 0B@ r
0Z
1=i
tn dt
1CA
.n 1/=n

 
r 0 .nC1/
nC 1
!.n 1/=n
< 1 for r 0 < 1:
Once again, by virtue of the Ho¨lder inequality and the choice of ; we find
1 
r 0Z
1=i
.ty/dt 
 Z r 0
1=i
n.ty/dt
!1=n
;
whence it follows that 0B@ r
0Z
1=i
n.ty/dt
1CA
1=n

r 0Z
1=i
n.ty/dt:
Then, according to (16), we obtain
r 0Z
1=i
tn 1.ty/ dt 
r 0Z
1=i
n.ty/ dt: (17)
By using inequality (17) and the Fubini theorem, we get
Z
Rn
n.x/dm.x/ 
Z
Sn 1
0B@ r
0Z
1=i
tn 1.ty/ dt
1CA dy  1
in 1H
n 1.F/; (18)
where
F D
8ˆ<ˆ
:y 2 Sn 1W
r 0Z
1=i
.ty/ dt  1
9>=>;:
Note that the inclusion Ei  F holds by the choice of  . Since M.f i / D 0; it follows from (18) that
Hn 1.F/ D 0 and, hence, Hn 1.Ei / D 0:
Lemma 3 is proved.
Lemma 4. Let f WD ! Rn; n  3; be an open discrete Q-mapping in D and let x0 2 @D be an isolated
essentially singular point of the mapping f for which one can find "0 2 .0; 1/ and a function  .t/ > 0 such
that conditions (9) and (10) are satisfied. Then Rn n f .D/  fBf :
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Proof. The proof readily follows form Lemmas 2 and 3. Assume the contrary. Then there exists y 2 
Rn n f .D/nfBf : Thus, by Lemma 3, y is an asymptotic limit of the mapping f at the point x0: However, by
Lemma 2, we have y 2 f .Bf \ U/ for any neighborhood U of the point x0; which contradicts the assumption.
Lemma 4 is proved.
Lemma 5. Let f WD ! Rn; n  3; be an open discrete Q-mapping in D and let x0 2 @D be an isolated
essentially singular point of the mapping f for which one can find "0 2 .0; 1/ and a function  .t/ > 0 such
that conditions (9) and (10) are satisfied. Then the set fBf is infinite.
Proof. Note that the point y0 D 1 2 Rn n f .D/ and, by virtue of Lemma 4, there exists a sequence
yk 2 fBf ; k D 1; 2; : : : ; such that yk !1 as k !1: Hence, fBf is infinite, Q.E.D.
Lemma 6. Let f WD ! Rn; n  3; be an open discrete Q-mapping in D and let x0 2 @D be an isolated
essentially singular point of the mapping f for which one can find "0 2 .0; 1/ and a function  .t/ > 0 satisfying
conditions (9) and (10). Then x0 2 Bf :
Proof. Assume the contrary. Then there exists a neighborhood U of the point x0 such that
.U n fx0g/ \ Bf D ¿: (19)
Note that the point y0 D1 2 Rn nf .U n fx0g/: We apply Lemma 4 to the restriction g WD f jUnfx0g of the
mapping f to the set U n fx0g: Then there exists a sequence yk 2 f
 
Bf \ .U n fx0g/

; k D 1; 2; : : : ; such
that yk !1 as k !1; which contradicts relation (19) because, in this case, f
 
Bf \ .U n fx0g/
 ¤ ¿ and,
hence,
 
Bf \ .U n fx0g/
 ¤ ¿:
Lemma 6 is proved.
4. Main Corollaries
Following [12], we introduce the following definition: We say that a function 'WD ! R has finite mean
oscillation at a point x0 2 D (and write ' 2 FMO at x0/ if
lim sup
"!0
 
Z
B.x0; "/
ˇˇ
'.x/   '"
ˇˇ
dm.x/ <1;
where
'" D  
Z
B.x0; "/
'.x/ dm.x/:
Thus, the function ' has finite mean oscillation at the point x0 if the inequality
lim sup
"!0
 
Z
B.x0; "/
j'.x/j dm.x/ <1
is true at the point x0 2 D:
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Proposition 5. Let QWD ! Œ1;1 be a Lebesgue measurable function, let D  Rn; n  2; and let
x0 2 @D be an isolated point of the boundary D such that either Q 2 FMO.x0/ or
qx0.r/ D O
 
log
1
r
n 1!
as r ! 0:
Then there exist "0 2 .0; 1/ and a function  .t/ > 0 such that conditions (9) and (10) are satisfied at the
point x0:
Proof. Without loss of generality, we can assume that that x0 D 0: Let Q 2 FMO.0/ and let
"0 < min
¶
dist
 
0; @D n f0g; e 1·:
By virtue of Corollary 2.3 in [12], for the function
0 <  .t/ D 1
t log .1=t/
;
we have Z
"<jxj<"0
Q.x/ n.jxj/ dm.x/ D O

log log
1
"

:
We also note that
I."; "0/ WD
"0Z
"
 .t/ dt D log log .1="/
log .1="0/
:
Thus, Proposition 5 is proved in the case where Q 2 FMO: We now prove that it is also true in the case where
qx0.r/ D O
 
log
1
r
n 1!
as r ! 0:
As above, we can set x0 D 0: Further, we fix "0 < min fdist .0; @D n f0g/ ; 1g and denote
 .t/ D 1
t log .1=t/
:
Thus, we find
Z
"<jxj<"0
Q.x/dm.x/
.jxj log .1=jxj//n D
"0Z
"
0B@ Z
jxjDr
Q.x/dm.x/
.jxj log .1=jxj//n dS
1CA dr
 !n 1
"0Z
"
dr
r log .1=r/
D !n 1 log log .1="/log .1="0/ D !n 1I."; "0/;
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where
I."; "0/ WD
"0Z
"
 .t/ dt:
Proposition 5 is proved.
Combining Lemmas 2–6 with Proposition 5, we arrive at the most important results of the present paper.
Theorem 1. Let f WD ! Rn; n  2; be an open discrete Q-mapping in D and let x0 2 @D
be an isolated essentially singular point of the mapping f such that either Q 2 FMO.x0/ or qx0.r/ D
O

log .1=r/
n 1 as r ! 0: Then
(i) if n  3 and a point z0 2 Rn is an asymptotic limit of f at the point x0; then the inclusion z0 2
f .Bf \ U/ is true for any neighborhood U  D containing the point x0; ;
(ii) every point of the set Rn n f .D/ is an asymptotic limit of f at the point x0I
(iii) if n  3; then Rn n f .D/  fBf I
(iv) if n  3 and 1 … f .D/; then
(a) the set fBf is unbounded,
(b) x0 2 Bf :
5. On the Exactness of Conditions Imposed on Q.x/; n; and the Mapping f
The theorem presented in what follows shows that the conditions imposed on the function Q.x/ in Theorem 1
are exact in a sense that they cannot be replaced by the condition Q.x/ 2 Lploc for any arbitrarily large p > 1:
Here, we use the Ignat’ev–Ryazanov scheme presented in the monograph [14, p. 110].
Theorem 2. For each p > 1; there exists an open discrete Q-mapping f WBn n f0g ! Rn with Q.x/ 2
Lp.Bn/; n  2; and an isolated essentially singular point x0 D 0 such that none of the assertions of Theorem 1
and Proposition 4 is true for this mapping. Moreover, f is a homeomorphism in Bn n f0g:
Proof. We define a homeomorphism f WBn n f0g ! Rn as follows:
f .x/ D 1C jxj
˛
jxj x;
or, equivalently, on the spherical coordinates,
R D 1C r ˛; ‚ D #;
where ˛ 2 .0; n=p/: Note that f maps Bn n f0g onto the ring 1 < jyj < 2 in Rn: We define
K.x; f / D max ¶KI .x; f /;KO.x; f /·:
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Then
K.x; f / D max
º
˛r ˛
1C r ˛ ;

1C r ˛
˛r ˛
n 1»
; r D jxj:
In addition, f 2 C 1  W 1;nloc in Bn nf0g and K.x; f / is locally bounded in Bn nf0g: Therefore, according
to [13], we get f  1 2 W 1;nloc : Hence, f is a Q-homeomorphism with Q.x/ WD K.x; f / (see Theorems 4.6 and
6.10 in [1]). For small r; we find
Q.x/ D K.x; f / D

1C r ˛
˛r ˛
n 1


2
˛
n 1 1
r˛.n 1/
:
Thus, Q.x/ 2 Lp.Bn/ because ˛p < n: Note that all points of the sphere Sn 1 are asymptotic limits of the
mapping f at the origin. Nevertheless, assertions (i), (iii), and (iv) of Theorem 1 are not true because Bf D ¿
and assertion (ii) is violated in view of the fact that Rn nf .Bn n f0g/ D fjyj  1g[ fjyj  2g: At the same time,
it is clear that none of the points of the set Rn n f  Bn n f0g; except points of the sphere Sn 1; is an asymptotic
limit of the mapping f at the point 0:
The mapping presented above can be regarded as a counterexample to the Sokhotskii theorem (see Proposi-
tion 4). Although x0 D 0 is an isolated essentially singular point of the mapping f; the limiting set C.f; 0/ is a
sphere fjyj D 1g ¤ Rn and cap  Rn n f .Bn n f0g/  > 0:
Theorem 2 is proved.
It is known that even for quasiregular mappings (i.e., mappings satisfying the condition M.f /  KM./
with a certain constant K  1 ), the assertions of Lemmas 2, 4, 5, and 6 and assertions (i), (iii), and (iv) of
Theorem 1 are violated for n D 2 (see Sec. 3.23 in [5]). The counterexample is as follows: x0 D 0 and
f .z/ D ez=jzj2 :
The next theorem shows that the condition of openness of the mapping f in all assertions presented above is
indeed essential.
Theorem 3. For any n  2; there exists a discrete Q-mapping gWRn n f0g ! Rn with Q  1 and
an isolated essentially singular point x0 D 0 such that assertions (i)–(iv,a) of Theorem 1 and the assertion of
Proposition 4 are not true.
Proof. We now consider a cover of the space Rn with cubes with unit edges
Ck1;:::;kn D
nY
iD1
Œki ; ki C 1 ; ki 2 Z:
Let x 2 Ck1;:::;kn : We set G0 D 1 ı : : : n; where l D l;sgnkl ı : : : l;jkl jsgnkl ; sgn kl is the sign of the
number kl ; l;0 D id; and l;m is the reflection in the hyperplane xl D m 2 Z: This enables us to conclude
that G0.x/ 2 C0;:::;0 for any point x 2 Ck1;:::;kn : The contraction G1.x/ D
p
n
n
x transforms C0;0;0:::;0 into a
cube A0; which completely lies in Bn: We set G2.x/ WD G1.x/ ıG0.x/:
Note that the point z0 D 1 is an isolated essentially singular point of the mapping G2.x/ and, in addition,
C.G2;1/ D A0  Bn: Then the mapping
g.x/ WD G2 ıG3.x/; (20)
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where
G3.x/ D xjxj2 ;
possesses an isolated essentially singular point x0 D 0: Furthermore,
C.g; 0/  Bn: (21)
It follows from the structure of the mapping g given by relation (20) that this mapping preserves the modulus
of the family of curves in Rn; i.e., it is a 1-mapping in terms of relation (2). It is also clear that g is a discrete
mapping. Nevertheless, each assertion (i)–(iv,a) of Theorem 1 is violated because gBg is concentrated in Bn and,
by virtue of (21), none of the points of the set Rn n Bn is an asymptotic limit of g at the point 0:
Theorem 3 is proved.
Remark 1. In the example presented above, the assertion (iv,b) of Theorem 1 is true because Bg is a set of
hyperplanes
Bg D
[
i;k
Ak;i ;
where Ak;i D
¶
x D .x1; x2; : : : ; xi ; : : : ; xn/W xi D k
·
and 0 2 Bg : This fact shows that, generally speaking,
assertion (iv,b) does not imply any other assertion of Theorem 1. Moreover, if the mapping f WD ! Rn does not
satisfy the assertion (iv,b) of Theorem 1, then f is an open mapping in U n fx0g; where U is a neighborhood
of the essentially singular point x0: Hence, the example of a nonopen mapping violating the assertion (iv,b) of
Theorem 1 (in a sense indicated above) cannot be constructed.
6. Applications to Sobolev Classes
In the present section, we describe possible applications of the open discrete Q-mappings to the Sobolev
classes. These applications enable us to consider the theory of Q-mappings presented above as well-grounded and
playing a noticeable role in the contemporary geometric theory of functions.
Proposition 6. Let f WD ! Rn be an open discrete mapping from the class W 1;nloc .D/ such that
KO.x; f / 2 Ln 1loc and jBf j D 0: Then f is a KI .x; f /-mapping.
Proof. The proof directly follows from Remark 4.10 and Theorem 6.10 in [1].
Combining Theorem 1 with Proposition 6, we arrive at the most important result of the present paper:
Theorem 4. Let f WD ! Rn; n  2; be an open discrete mapping from the class W 1;nloc in D; let jBf j D
0; let KO.x; f / 2 Ln 1loc ; and let x0 2 @D be an isolated essentially singular point of the mapping f such that
either KI .x; f / 2 FMO.x0/ or
qx0.r/ D O

log
1
r
n 1
as r ! 0;
where qx0.r/ is the integral mean value of the function KI .x; f / on the sphere jx   x0j D r: In this case,
(i) if n  3 and the point z0 2 Rn is an asymptotic limit of f at the point x0; then z0 2 f .Bf \ U/ for
any neighborhood U  D containing the point x0I
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(ii) every point of the set Rn n f .D/ is an asymptotic limit of f at the point x0I
(iii) if n  3; then Rn n f .D/  fBf ; the set fBf is infinite, and x0 2 Bf :
By Theorem 1 in [15], the mapping f WD ! Rn from the class W 1;nloc is such that J.x; f /  0 almost
everywhere and KO.x; f / 2 Lploc is open and discrete for some p > n  1 . We can now formulate the following
simple corollary of Theorem 4:
Corollary 1. Let f WD ! Rn be a mapping from the class W 1;nloc such that J.x; f /  0 almost everywhere,
let KO.x; f / 2 Lploc for some p > n   1; and let jBf j D 0: Assume that x0 2 @D is an isolated essentially
singular point of the mapping f such that either KI .x; f / 2 FMO.x0/ or
qx0.r/ D O

log
1
r
n 1
as r ! 0;
where qx0.r/ is the mean value of the function KI .x; f / on the sphere jx   x0j D r: Then all assertions of
Theorem 4 are true.
Remark 2. Since KI .x; f /  Kn 1O .x; f / almost everywhere (see, e.g., [16]), the conditions imposed on
KI .x; f / in Theorem 4 can be replaced by the conditions Kn 1O .x; f / 2 FMO.x0/ or
qx0.r/ D O

log
1
r
n 1
as r ! 0;
where qx0.r/ is the mean integral value of the function K
n 1
O .x; f / on the sphere jx   x0j D r:
In particular, all assertions of Theorem 4 and Corollary 1 are true in the case where
KO.x; f / D O

log
1
jx   x0j

as x ! x0:
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